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Experimental evidence suggests that we live in a spatially flat, accelerating universe composed of
roughly one-third of matter (baryonic + dark) and two-thirds of a negative-pressure dark compo-
nent, generically called dark energy. The presence of such energy not only explains the observed
accelerating expansion of the Universe but also provides the remaining piece of information con-
necting the inflationary flatness prediction with astronomical observations. However, despite of its
good observational indications, the nature of the dark energy still remains an open question. In this
paper we explore a geometrical explanation for such a component within the context of brane-world
theory without mirror symmetry, leading to a geometrical interpretation for dark energy as warp
in the universe given by the extrinsic curvature. In particular, we study the phenomenological im-
plications of the extrinsic curvature of a Friedman-Robertson-Walker universe in a five-dimensional
constant curvature bulk, with signatures (4,1) or (3,2), as compared with the X-matter (XCDM)
model. From the analysis of the geometrically modified Friedman’s equations, the deceleration pa-
rameter and the Weak Energy Condition, we find a consistent agreement with the presently known
observational data on inflation for the deSitter bulk, but not for the anti-deSitter case.
PACS numbers: 04.50+h;98.80cq
I. INTRODUCTION
The possibility of an accelerating universe, as indicated
by measurements of SNe Ia, has led to one of the most im-
portant debates of modern cosmology, which involves the
conception of a late time dominant “dark energy” compo-
nent with negative pressure [1]. The nature of such dark
energy constitutes an open and tantalizing question con-
necting cosmology and particle physics. Currently, we do
not have a complete scheme capable of explaining such
phenomenon or why it is happening now. The simplest
and most appealing proposal considers a relic cosmologi-
cal constant λ. However, a reasonable explanation for the
large difference between astrophysical estimates of this
constant λ/8piG ≈ 10−47Gev4 and theoretical estimates
for the average vacuum energy density ρv ≈ 1071Gev4 is
unknown, except through an extreme fine-tuning of 118
orders of magnitude between these values [2, 3].
Other more elaborate explanations for dark energy
have been proposed. One example is the so called
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“quintessence” model featuring a slowly decaying scalar
field associated with a phenomenological potential with
energy scales of the order of the present day Hubble con-
stant ∼ 10−42GeV [4]. Yet, it seems difficult to reconcile
such small repulsive force with any attempt to solve the
hierarchy problem for fundamental interactions [5].
A phenomenological explanation based on current ob-
servational data is given by the “x-matter” or XCDM
model which is associated with an exotic fluid charac-
terized by an equation of state like px = ωxρx, where
the parameter ωx can be a constant or, more generally
a function of the time [6]. The presence of such a fluid
is consistent with the observed acceleration rate, without
conflicting with the abundance of light elements resulting
from the big-bang nucleosynthesis [5]. Although interest-
ing from the phenomenological point of view, the XCDM
model lacks an explanation from first principles.
On the other hand, we have witnessed a growing inter-
est in the cosmological implications of brane-world the-
ory. Generally speaking, this is a gravitational theory
defined in a higher-dimensional bulk space whose geome-
try defined by the the Einstein-Hilbert principle. In such
scenario, standard gauge interactions remain confined to
the four-dimensional space-time (the brane-world gener-
ated by a 3-brane) embedded in the higher dimensional
bulk, but gravitons are free to probe the extra dimensions
at the TeV scale of energies [7, 8] ( see [9, 10] for recent
2reviews on brane-world gravity). If such expectations are
confirmed, the impact of strong and quantized gravity at
the same energy level of the standard gauge interactions
will be considerable. Not only it eliminates the hierar-
chical obstacle for a consistent unification program but
it also suggests a possible laboratory and cosmic ray gen-
eration of branes and short lived black holes by collision
phenomenology [11, 12, 13, 14]. A review of high energy
brane-world phenomenology can be found in [15].
Brane-world theory originated from M-theory, spe-
cially in connection with the derivation of the Horava-
Witten heterotic E8 × E8 string theory in the space
AdS5 × S5, through the compactification of one extra
dimension on the orbifold S1/Z2, using the Z2 (or mir-
ror) symmetry on the circle S1. The presence of the
five dimensional anti-deSitter AdS5 space is mainly mo-
tivated by the prospects of the AdS/CFT correspondence
between the superconformal Yang-Mills theory in four di-
mensions and the anti-deSitter gravity in five dimensions.
The same Z2 symmetry has been used as an argu-
ment to implement brane-world cosmology in the AdS5
bulk, specially in the popular Randall-Sundrum model
II, where that symmetry is applied across a background
brane-world taken as a boundary embedded in that bulk.
In this case, the the extrinsic curvature of the background
boundary is completely determined by the confined mat-
ter energy-momentum tensor, through an algebraic rela-
tion known as the Israel-Darmois-Lanczos condition (IDL
for short).
As it happens, when applied to a homogeneous and
isotropic cosmology defined in the AdS5 bulk, the IDL
condition leads to a modification of Friedman’s equa-
tions, which includes a term proportional to the square
of the energy density of the confined perfect fluid of the
universe. The presence of such quadratic density was
initially welcome as a possible solution to the acceler-
ated expansion of the universe. However, soon it was
seen to be incompatible with the big-bang nucleosyn-
thesis, requiring aditional fixes [16, 17, 18]. More re-
cently it has been shown that high energy inflationary
regimes are also constrained by the presence of the same
quadratic term, as compared with the recent data from
the SDSS/2dF/WMAP experiments [19, 20, 21, 22]. It
has been also argued that gravitational waves generated
by the bulk geometry may produce vector perturbations
on the brane-world, whose modes disagree with the data
from the same experiments [23].
These observational constraintes have suggested that
brane-world cosmology using the Z2 symmetry and/or
the IDL condition should be somehow modified. For ex-
ample, by adding a Gauss-Bonnet term to the five dimen-
sional action, while still keeping the Z2 symmetry [21].
Another explored possibility is to remove that symmetry
and the IDL condition altogether [24, 25, 26]. In a differ-
ent approach to the problem, the Z2 symmetry is broken
but some form of junction condition (including the IDL)
is maintained [27, 28, 29, 30]. This has evolved to a
more general idea, where the extrinsic curvature should
be governed by a dynamical equation, rather than just
being specified at a background brane-world [31, 32, 33].
Therefore, the application of the IDL condition on the
brane-world cosmology either with the Z2 symmetry or
not, has led to an extensive and still ongoing debate, in-
volving some unresolved issues. One of these is related
to the fact that the IDL condition expresses the extrinsic
curvature in terms of the confined matter, producing the
mentioned inflationary constraint. So, we may well ask
if this is a problem of the IDL condition itself, or if is it
a problem inherent to the extrinsic curvature and its em-
bedding properties. If the IDL condition is dropped, do
we improve the agreement with the inflationary data? If
so, can we infer from this data an alternative, perhaps dy-
namical, condition on the extrinsic curvature? Is the IDL
condition an independent postulate? Finally, is the Z2
symmetry compatible with the embedding requirement
of the brane-world structure?
The purpose of this note is to investigate the phe-
nomenology of the dark energy hypothesis in the brane-
world context, without using the Z2 symmetry, or with-
out postulating any junction condition separately, at
least for the time being. In this case, the brane-world
dynamics follows essentially from three basic postulates:
the Einstein-Hilbert principle applied to the bulk geom-
etry, the confinement hypothesis and the probing of the
extra dimensions by the gravitational field.
Under these conditions, Friedman’s equation is modi-
fied by a geometrical term which is defined by the extrin-
sic curvature [34, 35]. In order to evaluate the compat-
ibility of the resulting cosmology with the observations,
we make an analogy with the phenomenological XCDM
dark energy model. Based on the analysis of the de-
celetarion parameter, we find that the expansion of the
universe described by geometrically modified Friedman’s
equation can match today’s observable data. We also find
that when the inflation driving energy is positive, then
the universe expands in a bulk with signature (4, 1), com-
patible with the de Sitter cosmology. The more general
situations where the extrinsic curvature is governed by a
dynamic condition is examined in a subsequent paper.
As shown in the Appendix A, the covariant equations
of motion are derived from the Einstein-Hilbert action,
in accordance with the embedding equations, in the most
general case. The Appendix B is specific to to five dimen-
sions, where we review the derivation of the IDL condi-
tion, showing how the Z2 symmetry specifies the value
of the extrinsic curvature out of Lanczos jump condition.
We also discuss the limitations imposed by Z2 symmetry
on the differentiable embedding of the brane-world in a
constant curvature bulk.
II. THE FRW BRANE
Based on very general theorems on differentiable man-
ifold embeddings [36, 37], a five dimensional bulk with
constant curvature would have limited degrees of free-
3dom. However, in the particular case of the Friedman-
Robertson-Walker (FRW) universe seen as a brane-world,
a five-dimensional bulk with constant curvature is suffi-
cient as it does not require any additional conditions.
The constant curvature bulk is characterized by the Rie-
mann tensor[1]
RABCD = K∗(GACGBD − GADGBC),
where GAB denotes the bulk metric components in arbi-
trary coordinates and where K∗ is either zero (for a flat
bulk), or it can be proportional to a positive or negative
a bulk cosmological constant, respectively corresponding
to the two possible signatures: (4, 1) for the deSitter dS5
bulk and and (3, 2) for the anti-deSitter bulk AdS5. Ac-
cordingly, we take in the embedding equations (20) in
the Appendix A, g55 = ε = ±1. In any of these cases,
the integrability conditions for the embedding, equations
(29)-(31) become simply:
Rαβγδ =
1
ε
(kαγkβδ−kαδkβγ)+K∗(gαγgβδ − gαδgβγ) (1)
kα[β;γ] = 0, (2)
where the sign of the last term in (1) depends on the sign
of K∗. The equations of motion derived in appendix A
can be adjusted to the present case, but it is just as easy
to derive directly from (1) and (2). The result is essen-
tially Einstein’s equations as modified by the presence of
the extrinsic curvature. (For the covariant equations in
five dimensions in a more general setting, see [38]):
Rµν − 1
2
Rgµν + λgµν = −8piGTµν +Qµν , (3)
where we have denoted by λ the effective cosmological
constant in four dimensions, including the confined vac-
uum energy. The last term in (3) derived from (37) in
the appendix A is completely geometrical:
Qµν=
1
ε
(kρµkρν − hkµν−1
2
(K2 − h2)gµν), (4)
Here we have denoted h = gµνkµν and K
2 = kµνkµν .
For the purpose of the embedding of the FRW universe
in a five-dimensional bulk with maximal symmetry it is
convenient to parametrize the FRW metric as [39]
dS2 = gαβdx
αdxβ = −dt2+a2[dr2+f(r)(dθ2+sen2θdϕ2)]
where f(r) = sin r, r, sinh r corresponding to the spatial
curvature k = 1, 0,−1 respectively and where the con-
fined source is the perfect fluid given in co-moving coor-
dinates by
Tαβ = (p+ ρ)UαUβ + pgαβ , Uα = δ
4
α. (5)
[1] A curly R denotes bulk curvatures while a straight R denotes
brane-world curvatures. Capital Latin indices refer to the bulk
dimensions. Small case Latin indices refer to the extra dimen-
sions and all Greek indices refer to the brane. The semicolon
denotes the covariant derivative with respect to gαβ . For gener-
ality we denote G = |det(GAB)|
Using York’s relation (eqn. (28) in Appendix A) it
follows that in the FRW space-time kαβ is diagonal. After
separating the spatial components we find that Codazzi’s
equations (2) reduce to (here µ, ν, ρ, σ = 1..3).
kµν,ρ − kνσΓσµρ = kµρ,ν − kρσΓσµν ,
kµν,4 − kµν a˙
a
= −aa˙(δ1µδ1ν+f2δ2µδ2ν+f2 sin2 θ δ3µδ3ν)k44.
where a(t) is the scale factor and the dot means derivative
with respect to t. The first equation gives k11,ν = 0
for ν 6= 1, so that k11 does not depend on the spatial
coordinates. Denoting k11 = b(t), the second equations
give [40]
k44 = −1
a˙
d
dt
(
b
a
)
. (6)
Repeating the same procedure for µ, ν = 2, 3 we obtain
k22 = b(t)f
2 and k33 = b(t)f
2 sin2 θ. In short,
kµν =
b
a2
gµν , µ, ν,= 1 . . . 3 (7)
Thus, (6) and (7) represent the general solution of (2) for
the FRW metric in a 5-dimensional constant curvature
bulk. Notice that as a consequence of the homogeneity
of (2), the function b(t) = k11 representing the extrinsic
curvature component along the radial direction (r), re-
mains arbitrary. Denoting B = b˙/b e H = a˙/a, we find
from (4) that
K2 =
b2
a4
(
B2
H2
− 2B
H
+ 4), h =
b
a2
(
B
H
+ 2) (8)
Qµν =
1
ε
b2
a4
(
2
B
H
− 1
)
gµν , µ, ν = 1..3 (9)
Q44 = −1
ε
3b2
a4
(10)
Q = gαβQαβ =
1
ε
6b2
a4
B
H
(11)
Replacing these in (3) and separating the space and time
components it follows that
a¨
a
+ 2
a˙2
a2
+ 2
k
a2
= 4piG(ρ−p) + λ
2
+
1
ε
b2
a4
1
a˙b
d
dt
(ab)
a¨
a
= −4piG
3
(ρ+ 3p) +
λ
6
+
1
ε
b2
a4
1
a˙b
a2
d
dt
(
b
a
)
and finally, after eliminating a¨, we obtain the modified
Friedmans equation for the FRW brane-world
(
a˙
a
)2 +
k
a2
=
8piG
3
ρ+
λ
3
+
1
ε
b2
a4
(12)
where we see that the correction term with respect to the
standard Friedman’s equation is given by the component
4of the extrinsic curvature[2] . Notice also the presence of
ε which marks the effects of the bulk signature on the
expansion of the universe.
III. DARK ENERGY AS GEOMETRY
The additional degrees of freedom offered by brane-
world gravity admits a wide range of possibilities for dark
energy, beyond the ΛCDM model [41]. Here we explore
the fact that Qαβ is independently conserved, suggesting
an analogy with the energy-momentum tensor of an un-
coupled non-conventional energy source. In this analogy
we take the XCDM model as a practical example, denot-
ing the ”geometric pressure” associated with the extrinsic
curvature by pextr (the suffix extr stands for “extrinsic”)
and the ”geometric energy density” by ρextr. The cor-
responding geometric energy-momentum is identified to
Qµν as
Qµν
def
=− 1
8piG
[(pextr + ρextr)UµUν + pextrgµν ] (13)
where Uα = δ
4
α. Comparing with the previous compo-
nents (9)-(11) we obtain
pextr=− 1
8piGε
b2
a4
(
2
B
H
− 1
)
, ρextr=
3
8piGε
b2
a4
(14)
Notice the dependence of these terms on the bulk signa-
ture ε. The sign (−) in (13) was chosen in accordance
with the weak energy condition corresponding to the pos-
itive energy ρextr > 0 and negative pressure pextr < 0
with ε = 1.
Like the XCDM model, the geometric “dark energy
fluid” can be implemented by a state-like equation
pextr = ωextrρextr (15)
where ωextr may be a function of time. After replac-
ing the expressions of B and H , we obtain the following
equation for b(t)
b˙
b
=
1
2
(1− 3ωextr) a˙
a
. (16)
We cannot readily solve this equation because ωextr is not
known. However, a simple and useful example is given
[2] Just for comparison purposes, it is illustrative to see how the ρ2
term may emerges from (12) when the IDL condition (equation
(47) in appendix B) is postulated. For the perfect fluid with
energy density ρ, that condition gives k11 = b(t) = −α2∗ρa
2.
Replacing this in (12) we obtain
(
a˙
a
)2 +
k
a2
=
8piG
3
ρ+
λ
3
+
1
ε
α4∗ρ
2
producing the ρ2 dependent cosmology [26].
when ωextr = ω
0
extr=constant. In this case, the general
solution of (16) is very simple:
b(t) = b0(
a
a0
)
1
2
(1−3ω0extr) (17)
where a0 is the present value of the expansion parameter
and b0 is an integration constant representing the cur-
rent warp of the universe. Clearly it must not vanish,
otherwise all extrinsic curvature components would also
vanish, and the brane-world would behave just a trivial
plane.
Replacing s (17) in (12), now expressed in terms of the
redshift z = ao/a − 1 and of the observable parameters
Ω’s, we obtain
(
a˙
a
)2 = H2o [Ωm(1 + z)
3 +Ωλ + (18)
+
1
ε
Ωextr(1 + z)
3(1+ω0extr) +Ωk(1 + z)
2],
where Ho is the present value of the Hubble parameter,
Ωm, Ωλ and Ωk are, respectively, the confined matter,
cosmological constant and the spatial curvature relative
density parameters and where we have denoted the rel-
ative density parameter associated with the geometrical
dark energy by
Ωextr =
bo
2
H2oa
4
o
, (19)
Notice that equation (16) is identical to the corre-
sponding equation in XCDM [6], except that here b(t)
has the geometrical meaning of the radial component of
the extrinsic curvature k11.
If we had taken the bulk signature to be (3, 2) (or, ε =
−1), equation (16) would represent a fluid with negative
energy and positive pressure, producing an unexpected
behavior of the expansion of the universe. In order to bet-
ter visualize this difference, figures 1a and 1b show the
behavior of the deceleration parameter q(z) = −a¨a/a˙2
as a function of redshift for selected values of Ωm and
Ωextr. Figure 1a shows the plane q(z) − z for the sig-
nature ε = +1. As it is well known, the acceleration
redshift for such models happens around za ≃ 0.7, which
seems to be in good agreement with observational data
[42]. However, the case ε = −1 in Figure 1b presents an
opposite behavior, with the deceleration parameter be-
coming more positive at redshifts of the order of z ≃ 1.
Therefore, in the light of this simple qualitative analysis
and having in mind the recent supernovae (SNe) results
[1], it is possible to exclude the bulk signature (3, 2) for
an acceleration driven by a positive ρextr.
The use of the bulk signature (4, 1) associated with
ρextr > 0 allows us to use the wealth of available data
from the recent measurements to determine limits on the
values of ω0extr in our geometric model. For example,
from the current SNe Ia data (the so-called gold set of 157
events) one finds ω0extr < −0.5 at 95% confidence level
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FIG. 1: Deceleration parameter as a function of redshift for a
fixed value of Ωx = 0.7. In both Panels the horizontal line la-
beled decelerating/accelerating (qo = 0) divides models with
a decelerating or accelerating expansion at a given redshift.
Note that while the signature ε = 1 gives a speed up scenario
at za ≃ 1, the signature ε = −1 implies a slow down scenario
(c.l.) for Ωλ = Ωk = 0, regardless of the value of the mat-
ter density parameter [43]. When combined with Cosmic
Microwave Background (CMB) and Large-Scale Struc-
ture (LSS) observations, the same SNe Ia data provide
ω = −1.02+0.130.19 (and ω < −0.76 at 95% c.l.) [44]. These
limits agree with the constraints obtained from a wide
variety of different phenomena, using the “cosmic concor-
dance method” [45]. In this case, the combined maximum
likelihood analysis suggests ω0extr ≤ −0.6, (which inci-
dently also rules out an unknown component like topo-
logical defects of dimension n, such as domain walls and
cosmic strings, for which we would have ω0extr = −n3 ).
Other methods have also contributed to the collection
of data. For example, gravitational lens statistics based
on the final Cosmic Lens All Sky Survey data suggests
that ω0extr < −0.55+0.18−0.11 at 68% c.l. [46, 47]. Similarly,
distance estimates of galaxy clusters from interferometric
measurements of the Sunyaev-Zeldovich effect and X-ray
observations along with SNe Ia and CMB data requires
ω = −1.2+0.11−0.18 [48, 49, 50]. We may also use the mea-
surements of the angular size of high-redshift sources,
suggesting that we could take −1 ≤ ω0extr ≤ −0.5 [51],
whereas the use of SNe data and measurements of the
position of the acoustic peaks in the CMB spectrum,
suggest −1 ≤ ω0extr ≤ −0.93 at 2σ [52]. We, there-
fore, conclude that in contrast with the five-dimensional
brane-world models with the ρ2 term in Friedman’s equa-
tion which face experimental constraints, the present ge-
ometrical model, at least in the simple case where ω0extr
constant, is consistent with the latest experimental ob-
servations, within the limits imposed by the weak energy
condition, in the deSitter bulk.
IV. SUMMARY
We have provided ample experimental evidence in sup-
port to the hypothesis that dark energy can be a conse-
quence of the extrinsic curvature in brane-world cosmol-
ogy. For that purpose, we have taken the FRW universe,
seen as a brane-world embedded in a five dimensional
bulk of constant curvature, with undefined signature and
the without the Z2 symmetry or any form of junction
condition. The indefined signature has been motivated
mostly by the fact that, except from the theoretical ar-
guments in the application of the AdS/CFT in string
theory, there is no experimental argument in favor of the
anti-deSitter signature (3, 2) over the deSitter signature
(4, 1).
Under these conditions, Friedman’s equation depends
only on the signature of the bulk and on the extrinsic
curvature as a possible driver for inflation and. In order
to evaluate the compatibility of such geometrical model
with the present experimental data, we have established a
correspondence with the phenomenological XCDM dark
energy model.
In the simple example where the factor ωextr in the
state equation (15) is constant, we found that when the
energy density of the geometric fluid is positive and the
pressure is negative, the AdS5 bulk with signature (3, 2)
is not compatible with the expected value of the decel-
eration parameter for the redshift z ≈ 1, favoring the
de Sitter case with signature (4, 1). However, if we had
taken the expansion energy to be negative, with positive
pressure, then the universe would expand in the bulk
with signature (3, 2).
This example suggests not only that the extrinsic cur-
vature can be the responsible for the accelerated expan-
sion, but also that in the more general case where ωextr
is not constant it mus be dynamic, much in the sense
proposed in the literature. The fact that the extrinsic
curvature is a symmetric rank-two tensor suggests that
the required dynamical equation should be non-linear, in
fact an Einstein-like equation [53]. Work on such ulti-
mate dynamical ”junction” condition is still in progress,
Appendix A:
Equations of Motion
With a few exceptions mostly in the five-dimensional
cases, the use of differentiable properties of the brane-
world embedding have been largely neglected. Nonethe-
less, the probing of the extra dimensions by gravitons
means that the classical geometry of the brane-world
6should be subjected to continuous deformations (or per-
turbations) in response to the Einstein-Hilbert dynamics
of the bulk. Such deformable embeddings have been stud-
ied by Nash and Greene, concluding that the dimension
and signature of the bulk is not a matter of choice, but
they depend on the the regularity of the embedding func-
tions [36, 37]. Therefore, restriction of the bulk to the
AdS5 geometry requires the use of some additional con-
ditions, like imposing boundary rigidity, and the applica-
tion of the Z2 symmetry. However, it not clear that the
full dynamics of the brane-world will be compatible with
such limited embedding, except perhaps in some specific
cases, as the FRW example in the main text. The em-
bedding is, of course, a fundamental issue in differential
geometry which has been frequently applied to general
relativity. A comprehensive reference list on space-time
embedding properties can be found in [54]. In the fol-
lowing we give a short summary on the generation of
the differentiable embedding by perturbations of a given
background geometry.
Denoting by g¯αβ the metric of a given four-dimensional
manifold V¯4 (the background) and by GAB the metric
of the Riemannian bulk VD, the isometric embedding of
V¯4 is given by a map X : V¯4 → VD, with D = 4 + N
components X¯A such that
X¯A,µX¯B,ν GAB = g¯µν , X¯A,µη¯Bb GAB = 0, η¯Aa η¯Bb GAB = g¯ab(20)
where η¯Aa are the components of the N independent nor-
mal vectors to V¯4. According to Nash, we may continu-
ously deform V¯4 along a normal direction in the bulk, to
obtain another submanifold of the same bulk, provided
the embedding functions remain regular (in a general-
ized sense). Denoting a generic orthogonal direction by
η = yaη¯a, the deformation (in fact a perturbation) of the
embedding can be expressed as
ZA = X¯A + (£ηX¯ )A, ηA = η¯A + (£η η¯)A = η¯A
The components ZA and the normal ηa must satisfy em-
bedding equations similar to (20) (now dependent on ya):
ZA,µZB,νGAB=gµν , ZA,µηBa GAB=gµa, ηAa ηBb GAB=gab (21)
From these equations it follows that
gµνZA,µZ
B
,ν = GAB − gabηAa ηBb (22)
and also the components of the perturbed geometry
gµν(x, y) = ZA,µZB,νGAB = g¯µν− 2yak¯µνa +
yayb[g¯αβ k¯µαak¯νβb + g
cdA¯µcaA¯νdb], (23)
gµa(x, y) = ZA,µηBa GAB =ybAµab, (24)
gab(x, y) = η
A
a η
B
b GAB = ¯gab (25)
kµνa(x, y) = −ηAa,µZB,νGAB =
k¯µνa− ybg¯αβ k¯µαak¯νβb −gcdybA¯µcaA¯νdb, (26)
Aµab(x, y) = η
A
a,µη
B
b GAB=A¯µab(x) (27)
From (23) and (26) we obtain York’s relation for the ex-
trinsic curvature (extended to the extra variables ya):
kµνa = −1
2
∂gµν
∂ya
(28)
so that when the brane-world gravitational field repre-
sented by the metric gµν propagates in the bulk, so does
the extrinsic curvature.
The components of the Riemann tensor of the bulk
written in the the embedding vielbein {ZA,α, ηAa }, give the
Gauss, Codazzi and Ricci equations, respectively [55]:
Rαβγδ=2g
mnkα[γmkδ]βn+RABCDZA,αZB,βZC,γZD,δ (29)
kα[γb;δ]=g
mnA[γmbkαδ]n+RABCDZA,αηBb ZC,γZD,δ (30)
2A[γab;δ]=−2gmnA[γmaAδ]nb
− gmnk[γmakδ]nb−RABCDηAa ηBb ZC,γZD,δ (31)
To proceed, we now impose that the bulk geometry
is a solution of Einstein’s equations. Denoting K2 =
gabkµνakµνb, ha = g
µνkµνa and h
2 = gabhahb and using
(22), we obtain from the contraction of Gauss’ equations
with gµν
Rµν = g
cd(gαβkµαckνβd − hckµνd) +RABZA,µZB,ν
− gabRABCDηAa ZB,µZC,νηDb (32)
A further contraction gives the Ricci scalar
R = (K2 − h2) +R− 2gabRABηAa ηBb
+ gadgbcRABCDηAa ηBb ηCc ηDd (33)
Therefore, the Einstein-Hilbert action for the bulk ge-
ometry in D-dimensions can be written in terms of the
embedded geometry as
∫
R√GdDv ≡
∫ [
R− (K2 − h2)]√GdDv +
∫ [
2gabRABηAa ηBb−gadgbcRABCDηAa ηBb ηCc ηDd
]√GdDv
= α∗
∫
L∗√GdDv (34)
where in the right hand side we have included the bulk
source Lagrangian L∗ and we have denoted by α∗ the
D-dimensional fundamental energy scale.
The covariant equations of motion for a brane-world
in a D-dimensional bulk can be derived by taking the
variation of (34) with respect to gµν , gµa and gab, noting
that the Lagrangian depends on these variables through
ZA,µ. Alternatively, wemay just calculate the components
of Einstein’s equations for the bulk geometry:
RAB − 1
2
RGAB = α∗T ∗AB (35)
in the embedding vielbein {ZA,α, ηBb }. Denoting the
vielbein components of the energy-momentum tensor
7by T ∗µν = T
∗
ABZA,µZB,ν , T ∗µa = T ∗ABZA,µηBa and T ∗ab =
T ∗ABη
A
a η
B
b , we obtain from (35)
gabRABηAa ηBb = α∗(gabT ∗ab −
N
N + 2
T ∗)
From (32) and (33), the (tangent) components of (35) on
ZA,µZB,ν give the equation for gµν (sometimes referred to
as the gravi-tensor equation)
Rµν − 1
2
Rgµν −Qµν − (Wµν − 1
2
Wgµν)
= α∗(T
∗
µν −
N
N + 2
T ∗gµν − gabT ∗ab), (36)
where we have denoted
Qµν = g
abkρµakρνb − gabhakµνb−1
2
(K2 − h2)gµν (37)
Wµν = g
adRABCDηAa ZB,µZC,νηDd
W = gadgbcRABCDηAa ηBb ηCc ηDd
On the other hand, again from (35), the trace of Co-
dazzi’s equation (30) gives the gravi-vector equation
kρµa;ρ−ha,µ+Aρcakρ cµ −Aµcahc+2Wµa (38)
= α∗(T
∗
µa −
1
N + 2
T ∗gµa) (39)
where
Wµa = g
mnRABCDηAa ηBmZC,µηDn
Finally, the gravi-scalar equation is obtained from (33)
and (35)
R−K2 + h2 −W = −2α∗(gabT ∗ab −
N + 1
N + 2
T ∗) (40)
Equations (36)-(40) represent the most general equations
of motion of a brane-world, compatible with the its dif-
ferentiable embedding in a D-dimensional bulk defined
by Einstein’s equations.
The confinement hypothesis as applied to all perturbed
geometries (and not just to the background) can be im-
plemented simply as
α∗T
∗
µν = −8piGTµν, T ∗µa = 0, T ∗ab = 0 (41)
where Tµν denotes the energy-momentum tensor of ordi-
nary matter and gauge fields, which remain confined to
the brane-world. As we should expect, (36) reproduces
the ordinary Einstein’s equations when the extrinsic ge-
ometry components are neglected.
Appendix B:
The Z2 Symmetry and the
Israel-Darmois-Lanczos Condition
Here we use essentially the same procedure as in Is-
rael’s paper [56], adapted to the case of a brane-world
in a constant curvature bulk. The starting point is Ein-
stein’s equation for the bulk geometry (35), now written
as
RAB = α∗(T ∗AB −
1
2 +N
T ∗gAB) (42)
For D = 4 + N = 5, the bulk metric written in the
embedding vielbein is (just for clarity here we set g55 =
ε = 1)
GAB =
(
gµν 0
0 1
)
After explicitly writing the vielbein components of the
Ricci tensor RAB in the case of the constant curvature
bulk, we find from (36) that
Rµν−∂kµν
∂y
−2kρµkρν+hkµν=α∗(T ∗µν−
1
3
T ∗gµν) (43)
Now, consider that the background y = 0 separates two
sides of the bulk, labeled by + and − respectively, and
find the value of (43) as we approach y = 0 from each
side.
Like in [56], we consider two distinct situations: Case
(i) is characterized by a continuity of the extrinsic cur-
vature across the boundary y = 0: k+µν = k
−
µν , with the
supposition that the confined matter is given by a well
defined differentiable energy-momentum tensor. Noth-
ing else is added. Then, in the constant curvature bulk
the equations equivalent to the O’Brien-Synge junction
conditions (39) and (40), are just identities. As for the
tensor equation (36), we notice that the value of Rµν is
the same on both sides of V¯4. On the other hand, ad-
mitting that the brane-world is orientable, then the term
(−∂kµν
∂y
) and all terms involving the square of kµν do not
change sign across the boundary. Since in this case the
confined matter is intrinsic and well defined, it follows
that the differences of (43) calculated on both sides of
the boundary cancel each other as y → 0.
This situation changes in case (ii), characterized by
a jump in the extrinsic curvature k+µν 6= k−µν across a
background caused by a confined distributional source.
In this case, the derivatives (
∂kµν
∂y
) in (43) continuously
changes as it approaches y = 0, so that the difference
between the values of (43) calculated from one to the
other side of the background is
− [(∂kµν
∂y
)] = α∗
(
[T ]µν − 1
3
[T ]gµν
)
(44)
where we have denoted [X ] = (X+ − X−). Since we
cannot anticipate the value of the left hand side of (44)
as y → 0, we may apply the mean value theorem for the
differentiable tensor kµν in the interval [−y, y], to obtain
−[(∂kµν
∂y
)] =
−k+µν+k
−
µν
y
. To evaluate the differences of the
8right hand sides of (44), we may express Tµν as a delta
function, noting that for X = X¯(x)δ(y) we have
y[X ] =
∫ y
−y
d
dξ
(|ξ|X) dξ =
∫ y
−y
|ξ|dX
dξ
dξ +
∫ y
−y
∂|ξ|
∂ξ
Xdξ
=
∫ y
−y
|ξ|X¯δ′(ξ)dξ +
∫ y
−y
X¯
∂|ξ|
∂ξ
δ(ξ)dξ = 2X¯
In particular, for X¯ = (T¯µν − 1/3T¯ g¯µν), we obtain Lanc-
zos’ equation describing the jump of the extrinsic curva-
ture
k+µν − k−µν = −2α∗(T¯µν −
1
3
T¯ g¯µν) (45)
To obtain the IDL condition we need to specify how kµν
changes from one side to the other. This is precisely what
the Z2 symmetry does, where the background y = 0 acts
as a mirror for all objects that sense the extra dimension.
The normal η,µ and its derivatives have inverted mirror
images, so that from the definition (26), the jump of the
extrinsic curvature is
k+µν = −k−µν (46)
so that equation (45) gives at y = 0 the Israel-Darmois-
Lanczos condition
k¯µν = −α∗(T¯µν − 1
3
T¯ g¯µν) (47)
specifying the value of the extrinsic curvature of the back-
ground in terms of the energy-momentum tensor of its
confined sources.
Reciprocally, using the definition of kµν , the val-
ues calculated on the two sides of the background are
k±µν = −ZA,µη±B,ν GAB, and therefore (46) implies that
ηA+,µ = −ηA−,µ , or in other words that the background
behaves as a mirror for the derivatives of η. We conclude
that while (45) follows from Einstein’s equation of the
bulk plus the distributional source of the brane-world,
the Z2 symmetry (or any symmetry producing the same
mirror effect) completely specifies k¯µν in terms of the
confined source T¯µν .
One aspect that has not been considered is that the
IDL condition, which was originally applied to two or
three dimensional hypersurfaces, may imply in a limited
class of admissible background brane-worlds in a higher-
dimensional bulk, depending on how general is that con-
fined source. For example, if we consider a confined
source such as T¯µν = 1/3T¯ g¯µν , then from (47) it fol-
lows that k¯µν = 0 which means that the background is
just a plane. But from (26) it follows that all perturba-
tions also have zero extrinsic curvatures and consequently
they are also planes. Some other examples are discussed
in [57, 58]
Another mathematical aspect which deserves further
attention is the fact that with the Z2 symmetry, for each
perturbation of the background there will be a mirror
image on the other side of it. Therefore, to each point
of the background corresponds two different tangent vec-
tors, one on each side, whose projections on the back-
ground give vectors pointing on opposite directions. This
means that the derivatives of the embedding functions
are not well defined. Under this condition the perturba-
tions of the background cannot be guaranteed to remain
an embedded differentiable manifold [36].
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